Abstract. Entire functions have been investigated so popularly to have been divided into a large number of specialized subjects. Even the limited subject of entire functions is too vast to be dealt with in a single volume with any approach to completeness. Here, in this paper, we choose to investigate certain interesting results associated with the comparative growth properties of iterated entire functions using (p, q)-th order and (p, q) -th lower order, in a rather comprehensive and systematic manner.
Introduction, Definitions and Notations
Throughout this paper, let N, R + and C be the sets of positive integers, positive real numbers and finite complex numbers, respectively. The following notations are used:
and exp [k] x := exp exp [k−1] x (k ∈ N) x (k = 0).
Let f be analytic on the closed disk |z| ≤ r for some r ∈ R + and let M (r, f ) be the maximum modulus of the function f on the closed disk T (r, f ) := 1 2π
where log + x := max {log x, 0} (x > 0). It is easy to see that
for all entire functions f and all r ∈ R + .
The following definitions are recalled. (see [10] ). Let l ∈ N \ {1}. The generalized order ρ [l] f and the generalized lower order λ [l] f of an entire function f are, respectively, defined by ρ [l] f := lim sup r→∞ log
[l] M (r, f ) log r and λ [l] f := lim inf
It is obvious that the special case of Definition 1.2 when l = 2 coincides with Definition 1.1.
Definition 1.3. A function ρ [l]
f (r) is called a generalized proximate order of a meromorphic function f relative to T (r, f ) if
f (r) is non-negative and continuous for r r 0 , say, (ii) ρ [l] f (r) is differentiable for r r 0 except possibly at isolated points at which ρ [l] f (r + 0) and ρ It is noted that the existence of such a proximate order in Definition 1.3 is proved by Lahiri [8] . Similarly, a generalized lower proximate order of f can be defined in the following way.
Definition 1.4. A function λ [l]
f (r) is defined as a generalized lower proximate order of a meromorphic function f relative to T (r, f ) if
f (r) is non-negative and continuous for r r 0 , say, (ii) λ [l] f (r) is differentiable for r r 0 except possibly at isolated points at which λ [l] f (r + 0) and λ Juneja et al. [7] defined the (p, q)-th order and (p, q)-th lower order of an entire function f , respectively, as follows: ( where p, q ∈ N with p ≥ q. For p = 2 and q = 1, we simplify to denote ρ f (2, 1) and λ f (2, 1) by ρ f and λ f , respectively (see Definition 1.1).
If f (z) and g (z) are entire functions, then the iteration of f with respect to g is defined as follows (see [10] ):
where h(z) = f (z) when n is odd and h(z) = g (z) when n is even.
Similarly one defines g 1 (z) := g (z) ;
It is obvious that f n (z) and g n (z) (n ∈ N) are all entire functions.
The growth properties of entire functions using (p, q)-th order and (p, q)-th lower order have been investigated in such works as (for example) [2, 3, 5, 7] . In the sequel of these works, in this paper, we aim at investigating further growth properties of iterated entire functions on the basis of (p, q)-th order and (p, q)-th lower order under the restriction p, q ∈ N with p ≥ q, in a rather comprehensive and systematic manner.
Lemmas
Here we present certain required properties involving the definitions in Section 1. We begin by presenting a class of functions A l (r) (l ∈ N) with A 0 (r) a constant such that
where B l−1 (l ∈ N) is a constant and f l−1 (r) (l ∈ N \ {1}) is an increasing function of r with f 0 (r) = 1. It is obvious that
for all functions F (r) satisfying the properties of Nevanlinna's characteristic function or maximum modulus function. It should be noted that in our subsequent discussion, A l (r) may be different for different values of l unless otherwise stated. 
Lemma 2.2. Let f and g be any two entire functions such that ρ f (p, q) < ∞ and ρ g (a, b) < ∞ where a, b, p, q ∈ N with a ≥ b and p ≥ q. Then, for all sufficiently large values of r and any ε ∈ R + , the following inequalities hold true:
where A l are given in (2.1).
Proof. Let n ∈ N be an even integer for (i)-(ix). Then it follows from Lemma 2.1 that, for all sufficiently large values of r,
Therefore, in view of (1.1), for all sufficiently large values of r, we find
for any ε ∈ R + .
Case I. q < a and b < p.
It is seen from (2.2) that, for all sufficiently large values of r,
Applying (2.2) to continue this process, we have
and so on. We thus have that, for even n ∈ N,
Similarly, we find that, for odd n ∈ N \ {1},
Hence (i) and (x) of the lemma are established.
Here we find from (2.3) that, for all sufficiently large values of r,
from which we have
Continuing this process to arrive at the following inequality: For even n ∈ N \ {1, 2},
Likewise, for odd n ∈ N \ {1},
Hence (ii) and (xi) of the lemma are proved.
Case III. p ≥ b and q = a.
It follows from (2.2) that, for all sufficiently large values of r,
Continuing this process, we have
and so on.
We finally arrive at the following inequality: For even n ∈ N,
Similarly, for odd n ∈ N \ {1}, we find
Hence we prove (iii) and (xii) of the lemma.
We have from (2.2) that, for all sufficiently large values of r,
and so on. We finally have the following inequality: For even n ∈ N,
Hence (iv) and (xiii) of the lemma are established.
We find from (2.2) that, for all sufficiently large values of r,
Similarly, for odd n ∈ N \ {1}, we have
Hence we prove (v) and (xiv) of the lemma.
We see from (2.3) that, for all sufficiently large values of r,
and so on. We thus have the following inequality: For even n ∈ N,
Likewise, for odd n ∈ N \ {1}, we have
Hence (vi) and (xv) of the lemma are proved.
It follows from (2.4) that, for all sufficiently large values of r,
Continuing this process to finally give the following inequality: For even n ∈ N,
Hence (vii) and (xvi) of the lemma are established.
Hence (viii) and (xvii) of the lemma are proved.
We find from (2.5) that, for all sufficiently large values of r,
and so on. We finally arrive at the following inequality: For even n ∈ N,
Hence we prove (ix) and (xviii). This completes the proof of the lemma. Lemma 2.3. (see [4] ). Let g be an entire function. Then, for any
is an increasing function of r.
Lemma 2.4. (see [4] ). Let g be an entire function. Then, for any
Main Results
Here we state main results asserted by the following theorems.
Theorem 3.1. Suppose f and g are any two entire functions such that ρ f (p, q) and ρ [l] g are both finite for p, q, l ∈ N with p ≥ q and l ≥ 2. Then, for any even n ∈ N, the following inequalities hold true:
Proof. We first consider the following two cases.
• l > 2.
Since lim inf
= 1, for given ε (0 < ε < 1), we find that, for a sequence of values of r ∈ R + tending to infinity,
and, for all sufficiently large r ∈ R + ,
Since log M (r, g) ≤ 3T (2r, g), for a sequence of values of r tending to infinity, we find that, for any δ > 0,
.
In view of Lemma 2.3, since r λ
is an increasing function of r, we have log
Since both ε > 0 and δ > 0 are arbitrary, we get
g .
• l = 2. For given ε (0 < ε < 1), we see that, for a sequence of values of r ∈ R + tending to infinity,
and, for all sufficiently large values of r ∈ R + ,
Since log M (r, g) ≤ 3T (2r, g), for a sequence of values of r ∈ R + tending to infinity, we find that, for any δ > 0,
(2r)
In view of Lemma 2.3, since r λ g +δ−λ g (r) is an increasing function of r, we have
Since both ε > 0 and δ > 0 are arbitrary, we find from (3.2) that
Next consider the following more specified cases.
Case I. p > 1 and q = l > 2. We find from the third part of Lemma 2.2 that, for all sufficiently large values of r ∈ R + , log [
Since ε > 0 is arbitrary, we thus obtain that
) .
We obtain from the eighth part of Lemma 2.2 that, for all sufficiently large values of r ∈ R + ,
Since ε > 0 is arbitrary, we thus find that
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Case III. p > 1, q > l and q − l < p − 1. We find from the ninth part of Lemma 2.2 that, for all sufficiently large values of r ∈ R + , log [p+
Since ε > 0 is arbitrary, we thus have that (3.6)
Case IV. q < l − 1 and 1 < p. We find from the first part of Lemma 2.2 that, for all sufficiently large values of r ∈ R + ,
That is, log [
So we have log [
We thus have
Case V. p = q = 1, l − 1 > q and n > 2. We find from the second part of Lemma 2.2 that, for all sufficiently large values of r ∈ R + ,
Case VI. p = l and l − 1 > q = 1. We find from the fifth part of Lemma 2.2 that, for all sufficiently large values of r ∈ R + ,
So we have
Now it follows from (3.4) and (3.1) that lim inf
This proves the first part of the theorem.
For l = 2, in view of (3.3) and (3.4), we obtain lim inf
Thus the second part of the theorem follows.
We find from (3.5) and (3.1) that
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This proves the third part of the theorem.
From (3.6) and (3.1), we have
This proves the fourth part of the theorem.
For l = 2, in view of (3.3) and (3.6), we have
Thus the fifth part of the theorem follows.
From (3.7) and (3.1), it follows that
Thus the sixth part of the theorem is established.
We find from (3.8) and (3.1) that
Thus the seventh part of the theorem follows.
From (3.9) and (3.1), we obtain lim inf
Thus the eighth part of the theorem is established. 
Proof. We find from (3.2) that, for a sequence of r ∈ R + tending to infinity,
That is,
Then we consider the following cases.
Case I. p > 1 and q = l. It follows from the third part of Lemma 2.2 that, for all sufficiently large values of r ∈ R + , log [
Now combining (3.10) and (3.11), we find that, for a sequence of r ∈ R + tending to infinity, log [
Hence the first part of the corollary follows.
Case II. p > 1, q > l and q − l < p − 1.
From the ninth part of Lemma 2.2, we find that, for all sufficiently large r ∈ R + , (3.12) log [p+
Then, combining (3.10) and (3.12), we find that, for a sequence of r ∈ R + tending to infinity,
Hence the second part of the corollary follows.
In parallel with Theorem 3.1, we state the following theorem without proof. Let n ∈ N \ {1} be odd. Then the following inequalities hold true:
Corollary 3.4. Under the same conditions of Theorem 3.3 with l = 2, the following inequalities hold true:
Proof. A similar argument as in the proof of Corollary 3.2 will establish the results here. So the details of proof are omitted.
Theorem 3.5. Let f and g be any two entire functions such that ρ f (p, q) and ρ [l] g are both finite where p, q, l ∈ N with p ≥ q and l ≥ 2. For any even n ∈ N, the following inequalities hold true:
g ;
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for given ε (0 < ε < 1), we find that, for all sufficiently large r ∈ R + ,
and for a sequence of r ∈ R + tending to infinity,
Since log M (r, g) ≤ 3T (2r, g), for a sequence of r ∈ R + tending to infinity, we see that, for any δ > 0,
+ A l (r)
where the fact in Lemma 2.4 is used: r ρ
Since ε > 0 and δ > 0 are both arbitrary, we thus have
Case II. l = 2. Since lim sup r→∞ T (r, g) r ρg(r) = 1, in view of (v) of Definition 1.3, for given ε (0 < ε < 1), it follows that, for all sufficiently large r ∈ R + ,
Since log M (r, g) ≤ 3T (2r, g), for a sequence of r ∈ R + tending to infinity, we get that, for any δ > 0,
In view of Lemma 2.4, since r ρ g +δ−ρ g (r) is an increasing function of r, we have log M (r, g) T (r, g)
Since ε > 0 and δ > 0 are both arbitrary, we thus find that
Hence it follows from (3.4) and (3.13) that lim inf
This proves the first part of the theorem. For l = 2, in view of (3.4) and (3.14), we get
Thus the second part of the theorem is established. Similarly, from (3.7) and (3.13), we get that
Thus the seventh part of the theorem follows. Now, a similar argument as in the proof of Theorem 3.1, the other parts of Theorem 3.5 can be established. So details of their proofs are omitted. For any odd n ∈ N \ {1}, the following inequalities hold true:
(ii) (a = 1,
Proof. The proof here can be carried out in parallel with that of Theorem 3.5. So its detailed account is omitted.
The following two theorems are stated without proofs, since the results can be established in line with those in Lemma 2.2. 
